
PROBLEMS ON THE HASSE NORM PRINCIPLE (HNP)

RACHEL NEWTON

k is a number field throughout. All field extensions are finite.

1. Knot groups

Let L/k be an extension of number fields. The knot group K(L/k) is defined as

K(L/k) =
NL/kA∗L ∩ k∗

NL/kL∗
.

(1) Let L/k be an extension of number fields. Show that K(L/k) is killed by [L : k].
(2) Let F/L/k be a tower of number fields and let d = [F : L]. Show that x 7→ xd

induces a homomorphism ϕ : K(L/k) → K(F/k) such that kerϕ ⊂ K(L/k)[d] and
{yd | y ∈ K(F/k)} ⊂ Imϕ. Show that if |K(L/k)| is coprime to d then ϕ induces an
isomorphism K(L/k)→ {yd | y ∈ K(F/k)}.

(3) Let L/k be a Galois extension such that every decomposition group is cyclic. Show that
weak approximation holds for R1

L/kGm.
(4) Let a, b ∈ Z \ {1, 0} be coprime, squarefree and congruent to 1 modulo 4. Show that

the HNP fails for Q(
√
a,
√
b)/Q if and only if

(
a
p

)
= 1 for all primes p dividing b and(

b
p

)
= 1 for all primes p dividing a.

(5) Let L/k be biquadratic. Show that the HNP holds for L/k if and only if weak approx-
imation fails for R1

L/kGm.
(6) Let F/k be a Galois extension with Galois group A4 and let L/k be a quartic subex-

tension of F/k. Let K/k be the fixed field of V4 in F/k. Show that

K(L/k) ∼= K(F/k) ∼= K(F/K).

(7) Show that the HNP holds for any Galois extension of degree 6.
(8) Show that the HNP holds for an extension of prime degree.
(9) Let G be a finite abelian group. Show that H3(G,Z) = 0 iff G is cyclic. Let k be a

number field. Shafarevich’s resolution of the inverse Galois problem for soluble groups
produces a Galois extension L/k with Gal(L/k) ∼= G with all decomposition groups
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cyclic. Hence conclude that there exists a Galois extension L/k with Gal(L/k) ∼= G for
which the HNP fails iff G is non-cyclic.

2. Tori

(10) Show that RC/RGm is a torus.
(11) Let L/k be a finite extension. Let T = R1

L/kGm. Show that X1(T ) = K(L/k).
(12) Show that the module of characters of Gm is Z.
(13) Let L/k be a Galois extension with Galois group G. Show that the module of characters

of RL/kGm is Z[G].
(14) Let F/L/k be a tower of number fields with F/k Galois, Gal(F/k) = G, Gal(F/L) = H.

Show that the module of characters of RL/kGm is Z[G/H].
(15) Let L/k be a Galois extension. Let T = R1

L/kGm. Show that X2
ω(G, T̂ ) = H3(G,Z).

(16) Let T be a torus, let T̂ be its module of characters and let T̂ ◦ be its module of co-
characters. Show that there is a perfect pairing T̂ ⊗ T̂ ◦ → Z.

(17) Let L/k be a Galois extension. Let T = R1
L/kGm. Let A(T ) =

∏
v T (kv)/T (k), where

T (k) denotes the closure of T (k) in
∏

v T (kv). Let S be the set of places of k that
ramifiy in L/k. Show that

A(T ) =
∏
v∈S

T (kv)/T (k) =
∏
v∈S

T (kv)/T (k)
∏
v∈S

NLw/kvT (Lw) = T (Ak)/T (k)NL/kT (AL)

where for each v ∈ S, we have chosen one place w of L above v.

3. The first obstruction to the HNP

(18) Let F/L/k be a tower of number fields with F/k Galois, Gal(F/k) = G, Gal(F/L) = H.
Consider the commutative diagram

Ĥ0(H,CF )
ψ1 // Ĥ0(G,CF )

Ĥ0(H,A∗F )
ψ2 //

ϕ1

OO

Ĥ0(G,A∗F )

ϕ2

OO

where the vertical arrows are induced by A∗F → A∗F/F ∗ = CF and the horizontal arrows
are given by CorGH = NL/k. Show that the norm map NL/k induces an isomorphism

kerψ1

ϕ1(kerψ2)
→

NL/kA∗L ∩ k∗

(NF/kA∗F ∩ k∗)NL/kL∗
.
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(19) Let F/L/k be a tower of number fields with F/k Galois, Gal(F/k) = G, Gal(F/L) = H.
Let Ωk denote the set of places of k. Consider the commutative diagram

H/[H,H]
ψ1 // G/[G,G]

⊕v∈Ωk

(
⊕w|vHw/[Hw, Hw]

)ψ2 //

ϕ1

OO

⊕v∈Ωk
Gv/[Gv, Gv]

ϕ2

OO

For a place v of k, let ψv2 denote the restriction of ψ2 to ⊕w|vHw/[Hw, Hw]. Show that
if v1, v2 are places such that the decomposition groups satisfy Gv2 ⊂ Gv1 then

ϕ1(kerψv22 ) ⊂ ϕ1(kerψv12 ).

Hint: choose representatives x1, . . . xr for the H–Gv1 double coset decomposition of G,
soG = ∪ri=1HxiGv1 . Now decompose each double coset asHxiGv1 = ∪sij=1HxiyijGv2 and
hence obtain theH–Gv2 double coset decomposition ofG of the form ∪ri=1∪

si
j=1HxiyijGv2 .

(20) Let F/L/k be as above and suppose that [L : k] is squarefree. Show that

NL/kA∗L ∩ k∗

(NF/kA∗F ∩ k∗)NL/kL∗
= K(L/k).

4. Number fields with prescribed norms

Let k be a number field, G a finite abelian group, and α ∈ k∗. A G-extension of k is
a Galois extension L/k with an isomorphism Gal(L/k) → G. A sub-G-extension of a
field F is a Galois extension E/F with an injection Gal(E/F ) ↪→ G.

Definition 1. For d ∈ N, let kd = k(µd, d
√
α). We define

$(k,G, α) =
∑

g∈Gr{idG}

1

[k|g| : k]
,

where |g| denotes the order of g in G and idG ∈ G is the identity element.

Theorem 2. Let S be a finite set of places of k. For v ∈ S let Λv be a non-empty set of
sub-G-extensions of kv. For v /∈ S, let Λv = {sub-G-extensions F/kv | α ∈ NF/kvF

∗}.
Let N(k,G,Λ, B) be the number of G-extensions L/k such that Lv ∈ Λv ∀v ∈ Ωk and
the norm of the conductor of L/k is at most B. Then

N(k,G,Λ, B) ∼ ck,G,αB(logB)$(k,G,α)−1
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as B → ∞, for some constant ck,G,α which is positive if there exists a sub-G-extension
L/k with Lv ∈ Λv for all v ∈ Ωk.

(21) Let α ∈ k∗ \ k∗2. Show that for 100% of quadratic extensions of k, α is not in the image
of the norm map.

(22) Let G be an abelian group of exponent e. Let F be a local field and let α ∈ F ∗e. Show
that for any Galois extension E/F with Gal(E/F ) ↪→ G, we have α ∈ NE/FE

∗.

Definition 3. • Let N(k,G, α,B) be the number of G-extensions L/k such that
α ∈ NLv/kvL

∗
v for all v ∈ Ωk and the norm of the conductor of L/k is at most B.

• Let N(k,G,B) = N(k,G, 1, B) be the number of G-extensions L/k such that the
norm of the conductor of L/k is at most B.

(23) Let e = exp(G). Show that the following are equivalent:
(a) limB→∞

N(k,G,α,B)
N(k,G,B)

> 0;
(b) α ∈ k(µd)

∗d ∀d | e;
(c) α ∈ k∗ev for all but finitely many v.

(24) Let e = exp(G). Show that limB→∞
N(k,G,α,B)
N(k,G,B)

(a) is 1 if α ∈ k∗e;
(b) only depends on α ∈ k∗/k∗e;
(c) is 0 for all but finitely many α ∈ k∗/k∗e.


